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Boolean Algebra
and Logic Gates

Introduction

The binary operations performed by any digital circuit with the set of elements 0 and 1, are called
logical operations or logic functions. The algebra used to symbolically represent the logic function
is called Boolean algebra. Itis a two state algebra invented by George Boole in 1854.

Thus, a Boolean algebra is a system of mathematics logic for the analysis and designing of digital
systems.

A variable or function of variables in Boolean algebra can assume only two values, either a ‘0’ or a
‘1. Hence, (unlike another algebra) there are no fractions, no negative numbers, no square roots, no
cube roots, no logarithms etc.

Logic Operations

In Boolean algebra, all the algebraic functions performed is logical. These actually represent logical
operations. The AND, OR and NOT are the basic operations that are performed in Boolean algebra.
In addition to these operations, there are some derived operation such as NAND, NOR, EX-OR,
EX-NOR that are also performed in Boolean algebra.

AND Operation

The AND operation in Boolean algebra is similar to the multiplication in ordinary algebra. It is a logical
operation performed by AND gate.

A-A=A

A-0=0 —— Nulllaw
A-1=A —— Identity law
A-A=0

OR Operation

The OR operation in Boolean algebra is performed by OR-gate.

A+A=A
A+0=A —— Nullaw

A+1=1 —+— Identity law
A+A=1
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NOT Operation

e  The NOT operation in Boolean algebra is similar to the complementation or inversion in ordinary
algebra. The NOT operation is indicated by a bar () or (*) over the variable.

o A_NOT , Aor A (complementation law)

and A= A = double complementation law.

NAND Operation

The NAND operation in Boolean algebra is performed by AND operation with NOT operation i.e. the
negation of AND gate operation is performed by the NAND gate.

NOR Operation

The NOR operation in Boolean algebra is performed by OR operation with NOT operation. i.e. the negation
of OR gate operation is performed by the NOR gate.

EX-OR Operation

Unlike basic operations of logic gates, this used for special purpose and is represented by symbol ‘@’
where

A®B= AB+AB
Laws of Boolean Algebra

The Boolean algebra is governed by certain well developed rules and laws.

Commutative Laws

o The commutative law allows change in position of AND or OR variables. There are two commutative laws.
) A+B=B+A
Thus, the order in which the variables are ORed is immaterial.
(i) A-B=B-A
Thus, the order in which the variables are ANDed is immaterial.
° This law can be extended to any number of variables.

Associative Laws

° The associative law allows grouping of variables. There are two associative laws
@) A+B)+C=A+(B+0
Thus, the way the variables are grouped and ORed is immaterial.
(i) (A-B)-C=A-(B-0O)
Thus, the way the variables are grouped and ANDed is immaterial.
e  Thislaw can be extended to any number of variables.

Distributive Laws

e  Thedistributive law allows factoring or multiplying out of expressions. There are two distributive laws.

(i) AB+C)=AB+AC (i) A+BC=(A+B)(A+ O
o This law is applicable for single variable as well as a combination of variables.
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1.3.4 Idempotence Laws

Idempotence means the same value. There are two ldempotence laws

i) A-A=A
i.e. ANDing of a variable with itself is equal to that variable only.
(i) A+A=A

i.e. ORing of a variable with itself is equal to that variable only.

1.3.5 Absorption Laws

There are two absorption laws
(i) A+AB=A1+B=A (i) AA+B=A

1.3.6 Involutionary Law

This law states that, for any variable ‘A’
A= (A)=A

1.4 Boolean Algebraic Theorems

1.4.1 De Morgan's Theorem

e These are very useful in simplifying expressions in which a product or sum of variables is inverted.
° De Morgan’s theorem represents two of the most important rules of Boolean algebra.

() A.B=A+B
Thus, the complement of the product of variables is equal to the sum of their individual
complements.

(i) A+B=A-B
Thus, the complement of a sum of variables is equal to the product of their individual
complements.
e  The above two laws can be extend for ‘'n’ variables as
Ay Po Ay = Akt A,
and A+A++ A = A-AAA A,

1.4.2 Transposition Theorem

The transposition theorem states that (AB + AC) = (A+C) (A + B)

1.4.3 Consensus Theorem/Redundancy Theorem

° This theorem is used to eliminate redundant term.

o A variable is associated with some variable and its compliment is associated with some other
variable and the next term is formed by the left over variables, then the term becomes redundant.

o It is applicable only if a Boolean function,
(i) Contains 3-variables.
(i1) Each variable used two times.

(iii) Only one variable is in complemented or uncomplemented form.
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Then, the related terms to that complemented and uncomplemented variable is the answer.
o Consensus theorem can be extended to any number of variables.
e.g. AB+AC+BC=AB+AC

-2[ Example-1.1 The Boolean expression (A + B) (B + C) (C + A) = (A + B) (B + C) can be

simplified as

(a) (A+B)(B+0) (b) (A+B)(B+0)

(c) (A+B)(B+0) (d) (A+B)(B+0C)

Solution : (a)

Proof: LHS = (A+B)(B+C)(C+A)
= (AB+AC+BC)(C+A)
= ABC+AC+BC+AB+ AC+ ABC
= AC+BC+ AB

RHS = (A+B)(B+C)
= AB+ AC+BC=LHS

- :I Example-1.2 ABC is equal to

1.4.4

(@) A+B+C (b) ABC
(c) A+B+C (d A-B-C [UPPSC]
Solution: (c)

ABC = A+B+C=A+B+C

Duality Theorem

It is one of the elegant theorems proved in advance mathematics.

“Dual expression” is equivalent to write a negative logic of the given Boolean relation. For this we have to
(i) change each OR sign by an AND sign and vice-versa.

(i) complementany ‘0’ or ‘1’ appearing in expression.

(iii) keep literals/variables as it is.

- j Example-1.3 The self dual expression of Boolean relation, ABC+ ABC+ABC is

(a) (A+B+C)(A+B+C)(A+B+0)
(b) (A+B+C)(A+B+C)(A+B+0)
(c) (A+B+C)(A+B+C)(A+B+0)
(d) (A+B+C)(A+B+C)(A+B+0)
Solution: (c)
ABC+ABC+ABC
Its DUAL
U
(A+B+C)(A+B+C)(A+B+C)
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e For any logical expression, if we take two times Dual, we get same given expression as
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previous.

e For 1-time Dual, if we get same function or expression it is called “Self Dual Expression”.

e With N-variables, maximum possible Self-Dual Function = (

2)2’7_1 — 2(2”/2) .

e Remember that with N-variables, maximum possible distinct logic functions = 02"

1.4.5 Complementary Theorem

For obtaining complement expression we have to

(i)
(if)
(i)

change each OR sign by AND sign and vice-versa.
complement any ‘0’ or ‘1" appearing in expression.
complement the individual literals/variables.

3 Example-1.4 The compliment of the function f= ABC + ABC + ABC is equal to

I
(a)
()

(A+B+C)(A+B+C)(A+B+C) (b) (A+B+C)(A+B+C)(A+B+0)
(A+B+C)(A+B+C)(A+B+C) (d) (A+B+C)(A+B+C)(A+B+0C)

Solution : (a)

~|

= Complement of f

= (A+B+C)(A+B+C)(A+B+0)

|

3 Example-1.5 The Boolean expression A(A + B) is equal to

(a)
(c)

1 (b) B
A (d A+B [UPPSC]
Solution: (c)
Y = A(A + B)
= A-A+A-B
= A+ AB
= A(1+B)
= A

j Example-1.6 The Boolean function (x + y) (X + 2) (y + 2) is equal to which one of the

following expressions?

(a)
(c)

(x+y)(y+2) (b) (¥ +2)(y+2)
(x+y)(x +2) (d) (x+y)(x+ 2)

Solution: (c)
By using consensus theorem,

(x+y)x+2)(y+2) = (x+y)(x+2)
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- j Example-1.7 The minimized form of the logical expression (AB BC + ABC + ABC) is
(a) AC+BC+AB (b) AC+BC+AB
(c) AC+BC+AB (d) AC+BC+AB
Solution: (a)
Given, Y= ABC+ ABC+ ABC+ ABC+ABC+ABC
= AC(B+B)+ AB(C+C)+BC(A+ A)
= AC+AB+BC

- j Example-1.8 If Xand Y are Boolean variables, which one of the following is the equivalent
of X®Y & XY?

(a) X+Y (b) X+Y

(c) O (d) 1
Solution: (b)

Let, Z=X®Y®XY

7= X@[Y(XY) Y(XY)]
Xe[y(X+9] =xe[(XY)]
(XY)+X(XY) = XY +X(X+Y)
Y+ X+ XY = XY+X(A+Y)
Y+X = (X+X)(X+Y)=(X+Y)

X
X

[
x|

1.5 Representation of Boolean Functions

e Afunction of ‘" Boolean variables denoted by f(A,, A,, - - - A,) is another variable of algebra and
takes one of the two possible values either 0 or 1. The various ways of representing a given function
are discussed below:

Boolean Function Representation

Canonical form Minimal form
' Y
All the terms contain all the variables Minimum numbers of literal
either in complementary or in uncomplentary form
Example: o Example: _
F(A, B, C) = ABC + ABC + ABC FA,B, C)=A+ABC+ABC=A

e  Theterm ‘literal’ means a binary variable either in complementary or in uncomplimentary form.

1.5.1 Minterms and Maxterms

o n-binary variables have 2" possible combinations.

o Minterm is a product term, it contains all the variables either complementary or uncomplimentary
form for that combination the function output must be ‘1’

o Maxterm is a sum term, it contains all the variables either complementary or uncomplimentary form
for that combination the function output must be ‘0.
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NOTE g

e |n“Minterms” we assign ‘1’ to each uncomplemented variable and ‘0’ to each complemented
variable.

e |n“Maxterms” we assign ‘0’ to each uncomplemented variable and ‘1’ to each complemented
variable.

1.5.2 Sum of Product (SOP) Form

e The SOP expression usually takes the form of two or more variables ANDed together. Each product
term may be minterm or implicant.

Y= ABC+AB+AC
Y= AB+BC
e  This formis also called the “disjunctive normal form”.
e  The SOP expression is used most often because it tends itself nicely to the development of truth
tables and timing diagrams.
e  SOP circuits can also be constructed easily by using a special combinational logic gates called the

“AND-OR-INVERTER” gate.
e  SOP forms are used to write logical expression for the output becoming Logic ‘1.

Input (3-Variables) Output (Y)
A B C Y
0 0 0 0
0 0 1 0
0 1 0 0
0 1 1 1
1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 1

Notation of SOP expression is,
(A, B, C)=Zm(3,5,6,7)
- Y=ms+mg+mg+m,
also, Y= ABC+ ABC+ ABC+ ABC

1.5.3 Product of Sum (POS) Form

e  The POS expression usually takes the form of two or more order variables within parentheses,
ANDed with two or more such terms.

Y=(A+B+C)-(BC+D)

e  Thisformis also called the “Conjunctive normal form”.
° Each individual term in standard POS form is called Maxterm.
e  POSforms are used to write logical expression for output be coming Logic ‘0'.
From the above truth table, we get
F(A, B, C) =TIM(O, 1, 2, 4)
Y= Myx M, x M, xM,

also, Y= (A+B+C)(A+B+C)(A+B+C)(A+B+0)
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e  We also conclude that From the above truth table, and from above equations
if, Y=%2m(3,5,6,7)
then, Y =TIM(O, 1, 2, 4)

1.5.4 Standard Sum of Product Form

o In this form the function is the sum of number of product terms where each product term contains all
the variables of the function, either in complemented or uncomplemented form.

o Itis also called canonical SOP form or expanded SOP form.

° The function [Y = A + BC] can be represented in canonical form as:
Y= A+BC = AB+B)(C+C)+BCA+ A)
= ABC + ABC + ABC + ABC + ABC + ABC
Y = ABC + ABC + ABC + ABC + ABC
1.5.5 Standard Product of Sum Form

e  Thisformis also called canonical POS form or expanded POS form.
Y=(B+C)-(A+B)
e  Then, the canonical form of the given function
Y=(B+C+AA(A+B+CC) = (B+C+AB+C+A(A+B+C)(A+B+0C)
1.5.6 Truth Table Form

A truth table is a tabular form representation of all possible combinations of given function.

Y = AB+BC
Then,
AlB|C|Y
0|jojo0of0]o0
17101011
21011101
31011111
411(0(0]0
51110111
6|1(1]0]0
711111110

-j Example-1.9 Simplify the expression for the following truth table.

A B Y
0 0 1
0 1 0
1 0 1
1 1 0
is equal to
(a) A (b) A+B
(c) B (d A+B
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Solution : (c)

= Y = AB+AB =Y=8
-j Example-1.10 Simplify the expression Y(A, B) = IM(1, 3).

(@) A (b) B

(c) A+B (d) A+B

Solution : (b)
(1), = (01),= AB(SOP)= A+ B (POS)
() = (11),= AB-(SOP)= A+ B (POS)
YA, B) = (A+B)(A+B) = AB+AB=8B

1.5.7 Dual Form

° Dual form is used to convert positive logic to the negative logic and vice-versa.

o In positive logic system, higher voltage is taken as logic ‘1’ and in negative logic system, higher
voltage is taken as logic ‘0. For example.

(i) For (positive) logic

Logic'1’ =0V, Logic ' 0'=-5V
(i) For (negative) logic
Logic‘1’ =-0.8V, Logic'0=-1.7V

1.5.8 Venn Diagram Form

e  ABoolean algebra can be represented by a Venn diagram in which each variable is considered as a set.
e  The AND operation is considered as an intersection and the OR operation is considered as a union.

| G QP

) ) y=1 2)Y=0
AB

- EI Example-1.11 For the given Venn diagram the minimize the expression for the shade
area is represented

(a) AB+BC+AC (o) AB+BC+ AC
(c) AB+BC+AC (d) AB+BC+ AC
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Solution : (d)

The shaded area includes

ABC, ABC, ABC, ABC

Y = ABC + ABC + ABC + ABC

= AB+AC(B+B)+BC(A+ A)
= AB+ BC+ AC

Karnaugh Map

o The “Karnaugh map” is a graphical method which provides a systematic method for simplifying
and manipulating the Boolean expressions or to convert a truth table to its corresponding logic
circuit in a simple, orderly process.

o In this technique, the information contained in a truth table or available in SOP or POS form is

represented on K-map.

o Although this technique may be used for any number of variables, it is generally used up to
6-variables beyond which it becomes very cumbersome.

o In n-variable K-map there are

2" cells.

o “Gray code” has been used for the identification of cells.

Two-variable K-Map

o Four cells
o Four minterms (maxterms)
B B B B
B g 1f B i !
B A 0 1
A=—0 my m, A=—20 M, M,
A=—1 m, my A=—1 M, M,
(For SOP) (For POS)
1.6.2 Three-variable K-map
o Eight cells
o Eight minterms (maxterms)
(BC) (BC) (BC) (BO) (B+C) (B+C) (B+C) (B+0)
sc t 4 4 sc ¢ 4 t
A 00 01 11 10 A 00 01 11 10
A<—0| m, m, m, m, A=—0| M, M, M, M,
A=<—1| My ms my mg A<—1| M Ms M, Ms
(For SOP) (For POS)

1.6.3 Four-variable K-map

o Sixteen cells
o Sixteen minterms (maxterms)
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The logic expression F= (A+ C)(B+ C)(A+ B)
is equal to

(@) (A+B)A+0C)
) (A+B)A+C)

(b) (A+B)A+C)
(d) (A+B)A+0C)

Which of the following statements is not correct?

(a) Disjunction of a variable with logic ‘0’ results
in the same variable.

(b) NOR function can be implemented by
inverting the two inputs to an AND function.

(c) Conjunction of a variable with logic ‘1’ results
in the complement of variable.

(d) NAND function is commutative but not
associative.

The K-map of a function is given below:

XX3

X, X;\_00 01 11 10
00/ 1 X | X
01 T1x |1
11 x| 1
10 1] x X

If “X” indicates don’t care condition, then the
minimized expression for the function is

@) XzX;+ X X3 + X3X,
(b) X3Xo + X, X3 + XX,
(©) XXz + X X3+ XoX,
(

)

d) XyXs+ X X5+ X3X,

In negative logic system

(@) The more negative of the two logic levels
represents a logic ‘1’ state.

(b) The more negative of the two logic levels
represents a logic ‘0’ state.

(c) All input and output voltage levels are
negative.

(d) None of the above

UPPSC-AE

Q.5

A_

Q.6

Q.7

Q.8

Q.9

Consider the following circuit:

If the value of Cis stuck at ‘0’, then the output Y
will be

(a) AB (b) O
()1 (d) A
The Boolean expression
X(P, Q, R)=TI(0, 5)
is to be realized using only two 2-input gates.
Which are these gates?

(@) ANDandOR  (b) NANDand OR
(c) ANDandXOR (d) ORand XOR

In Boolean algebraif F=(A+ B) (4 + C), then
(b) F=AB+AB
(d) F=AA+AB

(a) F=AB+AC

() F=AC+AB

The POS form of expression is suitable for circuit
using:

(@) NOR
(c) XOR

(b) AND
(d) NAND

Negative logic in a logic circuit is one in which

(a) logic0and 1 arerepresented by the negative
and zero voltages respectively.

(b) logic 0 and 1 are represented by zero and
positive voltages respectively.

(c) logic O voltage level is lower than logic 1
voltage level.

(d) logic 0 voltage level is higher than logic 1
voltage level.

Q.10 The reduced form of Boolean expression

A[(B+C)AB+AC)] is

(b) AB
(d) AB+BC



Q.11 In the given combinational circuit, the output Z

is

5 D—2
C

(b) ABC
(d) All of the above

@ A+B+C

() AB+BC+AC
Q.12 The number of terms in a logic function of three

variables X, Y, Zare

(@ 3

(c) 8

(o) 4

(d) 16 [UPPSC]

Q.13 How many different Boolean expressions can be
constructed by using 2 variables?
(@) 18 (b) 16
(c) 32 (d) 4

Q.14 With 4 Boolean variables, how many Boolean
expressions can be formed?
(@ 16 (b) 256
(c) 1024 (1K) (d) 64 K(64x1024)

Q.15 The output ‘X’ of the OR gate shown in figure is

(@) 1 (b) 2
(c) O (d) 3 [UPPSC]
Q.16 The most suitable gate for comparing two bit is
(@) AND gate (b) OR gate
(c) NAND gate (d) EX-OR gate

[UPPSC]

Q.17 The minimum number of NOR gates required to
implement A(A+ B) (A+ B+ C)is equal to

(a) 0 (b) 3
(c) 4 (d) 7 [UPPSC]
STUDENT'S
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) HINTS & SOLUTIONS // , STUDENTS

1. [
F= (A+C)B+C)A+B)

= (A+C)A+B)
(By consensus theorem)

EJo

Conjunction of a variable with logic ‘1’ results in
the same variable.

Eo

X2X3

X X,\_00] 01 11 |10
00| 1 X | X
01 1 (X 1 X2>_(1
11 X |1 XaX3
100 1| X X

4. [Q

In negative logic system, the more negative of
the two logic levels represents a logic ‘1’ state.

5. [

The circuit can be redrawn as

A®B

:‘43:)Dl A®B

A®B

Y =(A®B)+A®B+C

Y= (A®B)+A®B+C=1+C=0

6. [C)

The Boolean expression
X(P, Q,R) =mn(0,5)

P+Q+R)(P+Q+R)

Q+(PR+PR)

[ 8. [O)

POS form (Product of Sum form) of expression is
suitable for circuit using NOR gates.





